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3RO\FKURPDWLF 6SDUVH ,PDJH 5HFRQVWUXFWLRQ DQG 0DVV
$WWHQXDWLRQ 6SHFWUXP (VWLPDWLRQ YLD %6SOLQH %DVLV )XQFWLRQ
([SDQVLRQ
5HQOLDQJ *XD DQG $OHNVDQGDU 'RJDQGåLüE
,RZD 6WDWH 8QLYHUVLW\ &HQWHU IRU 1RQGHVWUXFWLYH (YDOXDWLRQ  6FKROO 5RDG $PHV ,$  86$
DUHQOLDQJ#LDVWDWHHGX EFRUUHVSRQGLQJ DXWKRU DOG#LDVWDWHHGX
$EVWUDFW :H GHYHORS D VSDUVH LPDJH UHFRQVWUXFWLRQ PHWKRG IRU SRO\FKURPDWLF FRPSXWHG WRPRJUDSK\ &7 PHDVXUHPHQWV XQ
GHU WKH EOLQG VFHQDULR ZKHUH WKH PDWHULDO RI WKH LQVSHFWHG REMHFW DQG WKH LQFLGHQW HQHUJ\ VSHFWUXP DUH XQNQRZQ 7R REWDLQ D
SDUVLPRQLRXV PHDVXUHPHQW PRGHO SDUDPHWHUL]DWLRQ ZH ILUVW UHZULWH WKH PHDVXUHPHQW HTXDWLRQ XVLQJ RXU PDVVDWWHQXDWLRQ SDUDP
HWHUL]DWLRQ ZKLFK KDV WKH /DSODFH LQWHJUDO IRUP 7KH XQNQRZQ PDVVDWWHQXDWLRQ VSHFWUXP LV H[SDQGHG LQWR EDVLV IXQFWLRQV XVLQJ D
%VSOLQH EDVLV RI RUGHU RQH :H GHYHORS D EORFN FRRUGLQDWHGHVFHQW DOJRULWKP IRU FRQVWUDLQHG PLQLPL]DWLRQ RI D SHQDOL]HG QHJDWLYH
ORJOLNHOLKRRG IXQFWLRQ ZKHUH FRQVWUDLQWV DQG SHQDOW\ WHUPV HQVXUH QRQQHJDWLYLW\ RI WKH VSOLQH FRHIILFLHQWV DQG VSDUVLW\ RI WKH
GHQVLW\ PDS LPDJH LQ WKH ZDYHOHW GRPDLQ 7KLV DOJRULWKP DOWHUQDWHV EHWZHHQ D 1HVWHURY¶V SUR[LPDOJUDGLHQW VWHS IRU HVWLPDWLQJ
WKH GHQVLW\ PDS LPDJH DQG DQ DFWLYHVHW VWHS IRU HVWLPDWLQJ WKH LQFLGHQW VSHFWUXP SDUDPHWHUV 1XPHULFDO VLPXODWLRQV GHPRQVWUDWH
WKH SHUIRUPDQFH RI WKH SURSRVHG VFKHPH
%$&.*5281' $1' ,1752'8&7,21
;UD\ FRPSXWHG WRPRJUDSK\ &7 PHDVXUHPHQW V\VWHPV DUH LPSRUWDQW LQ PRGHUQ QRQGHVWUXFWLYH HYDOXDWLRQ 1'(
DQG PHGLFDO GLDJQRVWLFV 7KHUHIRUH LPSURYLQJ UHFRQVWUXFWLRQ DFFXUDF\ DQG VSHHG RI GDWD FROOHFWLRQ LQ WKHVH V\VWHPV
FRXOG KDYH D VLJQLILFDQW LPSDFW RQ WKHVH EURDG DUHDV 7KDQNV WR UHFHQW FRPSXWDWLRQDO DQG WKHRUHWLFDO DGYDQFHV VXFK
DV JUDSKLFV SURFHVVLQJ XQLWV *38V DQG VSDUVH VLJQDO UHFRQVWUXFWLRQ WKHRU\ DQG PHWKRGV LW LV QRZ SRVVLEOH WR GHVLJQ
LWHUDWLYH UHFRQVWUXFWLRQ PHWKRGV WKDW LQFRUSRUDWH DFFXUDWH QRQOLQHDU SK\VLFDO PRGHOV LQWR VSDUVH VLJQDO UHFRQVWUXFWLRQV
IURP VLJQLILFDQWO\ XQGHUVDPSOHG PHDVXUHPHQWV
'XH WR WKH SRO\FKURPDWLF QDWXUH RI WKH ;UD\ VRXUFH OLQHDU UHFRQVWUXFWLRQV VXFK DV ILOWHUHG EDFNSURMHFWLRQ )%3 H[KLELW
EHDP KDUGHQLQJ DUWLIDFWV HJ FXSSLQJ DQG VWUHDNLQJ >@ WKH )%3 UHFRQVWUXFWLRQ LQ )LJ D VKRZV GHFUHDVLQJ PDWHULDO
GHQVLW\ WRZDUGV WKH FHQWHU RI WKH LQVSHFWHG REMHFW DQG H[LVWHQFH RI QRQ]HUR REMHFW GHQVLW\ LQ WKH µED\ DUHD¶ RI WKH REMHFW
ZKHUH WKH WUXH GHQVLW\ LV ]HUR 7KHVH DUWLIDFWV OLPLW WKH TXDQWLWDWLYH DQDO\VLV RI WKH UHFRQVWUXFWLRQ ,Q PHGLFDO &7 DSSOLFDWLRQ
VHYHUH DUWLIDFWV FDQ HYHQ ORRN VLPLODU WR FHUWDLQ SDWKRORJLHV DQG IXUWKHU PLVOHDG WKH GLDJQRVLV > 6HF @ )XOILOOLQJ WKH
SURPLVH RI FRPSUHVVHG VHQVLQJ DQG VSDUVH VLJQDO UHFRQVWUXFWLRQ LQ ;UD\ &7 GHSHQGV RQ DFFRXQWLQJ IRU WKH SRO\FKURPDWLF
PHDVXUHPHQWV DV ZHOO ,W LV QRW FOHDU KRZ DOLDVLQJ DQG EHDP KDUGHQLQJ DUWLIDFWV LQWHUDFW DQG RXU H[SHULHQFH LV WKDW ZH
FDQQRW DFKLHYH JUHDW XQGHUVDPSOLQJ ZKHQ DSSO\LQJ VSDUVH OLQHDU UHFRQVWUXFWLRQ WR SRO\FKURPDWLF PHDVXUHPHQWV ,QGHHG
WKH HUURU FDXVHG E\ WKH PRGHO PLVPDWFK PD\ ZHOO EH ODUJHU WKDQ WKH DOLDVLQJ HUURU WKDW ZH ZLVK WR FRUUHFW YLD VSDUVH VLJQDO
UHFRQVWUXFWLRQ )LJ E VKRZV WKH UHFRQVWUXFWHG LPDJH E\ WKH PDVN GRXEOH RYHUUHOD[DWLRQ PDVN '25( PHWKRG WKDW LV DOVR
EDVHG RQ WKH OLQHDU PHDVXUHPHQW PRGHO EXW ZLWK DGGLWLRQDO JHRPHWULF REMHFW VKDSH LQIRUPDWLRQ LQFRUSRUDWHG VHH >@ IRU
GHWDLOV DQG GHVFULSWLRQ RI RWKHU JHRPHWULF PDVN PHWKRGV WKDW HPSOR\ WKH OLQHDU PHDVXUHPHQW PRGHO +HUH ZH VKRZ PDVN
'25( IRU LOOXVWUDWLRQ RWKHU PDVN DSSURDFKHV LQ >@ H[KLELW VLPLODU DUWLIDFWV *HQHUDOO\ DGGLQJ JHRPHWULF LQIRUPDWLRQ
ZLOO KHOS WKH UHFRQVWUXFWLRQ +RZHYHU LQ )LJ E WKH QRQFRQYH[ PDVN FXWV LQWR WKH FRQYH[ KXOO RI WKH REMHFW DQG WKH
QRQ]HUR VLJQDO RXWVLGH WKH REMHFW LV SXVKHG LQVLGH WKH PDVN ZKLFK UHVXOWV LQ HQHUJ\ DFFXPXODWLRQ DORQJ WKH PDVN ERUGHU
DQG DUWLIDFWV LQVLGH WKH REMHFW DV ZHOO +HQFH WR UHDS WKH EHQHILWV RI VLJQDO VSDUVLW\ DQG REMHFW FRQWRXU LQIRUPDWLRQ ZH PXVW
FRUUHFW WKH EHDP KDUGHQLQJ HIIHFW ILUVW E\ DFFRXQWLQJ IRU WKH SRO\FKURPDWLF VRXUFH PRGHO
,Q WKLV SDSHU ZH DGRSW WKH QRQOLQHDU PHDVXUHPHQW PRGHO UHVXOWLQJ IURP WKH SRO\FKURPDWLF ;UD\ VRXUFH DQG VLPSOLI\
LW E\ H[SORLWLQJ WKH UHODWLRQ EHWZHHQ WKH PDVV DWWHQXDWLRQ FRHIILFLHQWV ;UD\ SKRWRQ HQHUJ\ DQG LQFLGHQW VSHFWUXP VHH
)LJ F %DVHG RQ WKLV LGHD WKH RSWLPL]DWLRQ SUREOHP IRUPXODWHG IURP WKH LPDJH UHFRQVWUXFWLRQ EHFRPHV IHDVLEOH DQG JLYHV
WKH HVWLPDWLRQ RI WKH GHQVLW\ PDS DQG WKH PDVV DWWHQXDWLRQ VSHFWUXP DV WKH UHVXOW
:H LQWURGXFH WKH QRWDWLRQ IN  1N1 DQG 0N1 DUH WKH LGHQWLW\ PDWUL[ RI VL]H N DQG WKH N  1 YHFWRUV RI RQHV DQG
]HURV UHSODFHG E\ I;1 DQG 0 ZKHQ WKH GLPHQVLRQV FDQ EH LQIHUUHG HDVLO\ jj kk2 ˝ DQG ³T ´ DUH WKH DEVROXWH YDOXH `p
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),*85(  D±E )%3 DQG PDVN '25( OLQHDU UHFRQVWUXFWLRQV IURP SRO\FKURPDWLF ;UD\ &7 PHDVXUHPHQWV DQG F UHODWLRQ
EHWZHHQ PDVV DWWHQXDWLRQ  LQFLGHQW VSHFWUXP  DQG SKRWRQ HQHUJ\ "
³´ LV WKH HOHPHQWZLVH YHUVLRQ RI ³´  C.˛/ LV WKH QRQQHJDWLYLW\ LQGLFDWRU IXQFWLRQ
 C.˛/,
(
0; ˛  0
C1; RWKHUZLVH 
DQG a/.s/ LV WKH /DSODFH WUDQVIRUP RI D YHFWRU IXQFWLRQ a./ a/.s/ , R a./es d 1RWH WKDW .a//.s/ DR
a./es d 'HILQH DOVR WKH HOHPHQWZLVH ORJDULWKP lnı.x/ D Œlnx1; : : : ; lnxN T  QRQQHJDWLYLW\ SURMHFWRU Œ.x/Ci D
maxfxi ;0g ZKHUH x D Œx1;x2; : : : ;xN T  DQG /DSODFH WUDQVIRUPV a/ı.s/ D
h
Œa/.s1/T Œa/.s2/T    Œa/.sN /T
iT
DQG .a//ı.s/ D
h
Œ.a//.s1/T Œ.a//.s2/T    Œ.a//.sN /T
iT
ZKHUH s D Œs1; s2; : : : ; sN T 
,Q WKH IROORZLQJ VHFWLRQ ZH UHYLHZ WKH QRLVHOHVV SRO\FKURPDWLF ;UD\ &7 PHDVXUHPHQW PRGHO DQG RXU PDVVDWWHQXDWLRQ
SDUDPHWHUL]DWLRQ RI WKLV PRGHO
32/<&+520$7,& ;5$< &7 02'(/
7R GHVFULEH WKH SRO\FKURPDWLF ;UD\ VRXUFH DVVXPH WKDW LWV LQFLGHQW LQWHQVLW\ I LQ VSUHDGV DORQJ SKRWRQ HQHUJ\ "
IROORZLQJ WKH GHQVLW\ ."/  0 LH Z
."/d" D I LQ: D
VHH )LJ F ZKLFK VKRZV D W\SLFDO GHQVLW\ ."/ 7KH QRLVHOHVV PHDVXUHPHQW FROOHFWHG E\ DQ HQHUJ\ LQWHJUDO GHWHFWRU XSRQ
WUDYHUVLQJ D VWUDLJKW OLQH ` D `.x;y/ KDV WKH IDPLOLDU VXSHUSRVLWLRQLQWHJUDO IRUP
IRXW D
Z
."/exp


Z
`
.x;y;"/d`

d" D
Z
."/exp

."/
Z
`
˛.x;y/d`

d" E
ZKHUH ZH PRGHO WKH DWWHQXDWLRQ .x;y;"/ RI WKH LQVSHFWHG REMHFW FRQVLVWLQJ RI D VLQJOH PDWHULDO XVLQJ WKH IROORZLQJ
VHSDUDEOH IRUP > 6HF @
.x;y;"/ D ."/˛.x;y/: 
+HUH ."/ LV WKH PDVV DWWHQXDWLRQ FRHIILFLHQW RI WKH PDWHULDO D IXQFWLRQ RI WKH SKRWRQ HQHUJ\ " LOOXVWUDWHG LQ )LJ F DQG
˛.x;y/ LV WKH GHQVLW\ PDS RI WKH REMHFW )RU D PRQRFKURPDWLF VRXUFH DW SKRWRQ HQHUJ\ " lnŒI LQ."/=IRXW."/ LV D OLQHDU
IXQFWLRQ RI ˛.x;y/ ZKLFK LV D EDVLV IRU WUDGLWLRQDO OLQHDU UHFRQVWUXFWLRQ +RZHYHU ;UD\V JHQHUDWHG E\ YDFXXP WXEHV DUH
QRW PRQRFKURPDWLF > @ DQG ZH FDQQRW WUDQVIRUP WKH XQGHUO\LQJ QRLVHOHVV PHDVXUHPHQWV WR D OLQHDU PRGHO XQOHVV ZH
NQRZ SHUIHFWO\ WKH LQFLGHQW HQHUJ\ VSHFWUXP ."/ DQG PDVV DWWHQXDWLRQ RI WKH LQVSHFWHG PDWHULDO ."/
0DVV $WWHQXDWLRQ 3DUDPHWHUL]DWLRQ
:H QRZ UHYLHZ RXU SDUVLPRQLRXV SDUDPHWHUL]DWLRQ RI E IRU VLJQDO UHFRQVWUXFWLRQ > @ 6LQFH WKH PDVV DWWHQXDWLRQ
."/ DQG LQFLGHQW VSHFWUXP GHQVLW\ ."/ DUH ERWK IXQFWLRQV RI " VHH )LJ F ZH FRPELQH WKH YDULDWLRQV RI WKHVH WZR1708
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IXQFWLRQV DQG ZULWH D DQG E DV LQWHJUDOV RI  UDWKHU WKDQ " ZLWK JRDO WR UHSUHVHQW RXU PRGHO XVLQJ WZR IXQFWLRQV ι./
GHILQHG EHORZ DQG ˛.x;y/ LQVWHDG RI WKUHH >."/;."/ DQG ˛.x;y/@ VHH DOVR >@ +HQFH ZH H[SUHVV D DQG E DV
I LQ D ι/.0/; Iout D ι/
Z
`
˛.x;y/d`


ZKHUH ι/.s/ LV WKH /DSODFH WUDQVIRUP RI ι./ +HUH s > 0 LQ FRQWUDVW ZLWK WKH WUDGLWLRQDO /DSODFH WUDQVIRUP ZKHUH s LV
JHQHUDOO\ FRPSOH[ DQG ι./ UHSUHVHQWV WKH GHQVLW\ RI WKH LQFLGHQW ;UD\ HQHUJ\ DW DWWHQXDWLRQ  ZH UHIHU WR LW DV LQFLGHQW
PDVV DWWHQXDWLRQ VSHFWUXP 7KH PDVV DWWHQXDWLRQ VSHFWUXP GHSHQGV ERWK RQ WKH PHDVXUHPHQW V\VWHP WKURXJK WKH LQFLGHQW
HQHUJ\ VSHFWUXP DQG LQVSHFWHG REMHFW WKURXJK WKH PDVV DWWHQXDWLRQ RI WKH LQVSHFWHG PDWHULDO $V VKRZQ LQ )LJ F ZLWK
UHVSHFW WR WKLV SDUWLFXODU PDWHULDO GHVFULEHG E\ WKH PDVV DWWHQXDWLRQ FXUYH WKH DUHD ."j /"j GHSLFWLQJ WKH ;UD\ HQHUJ\
ZLWKLQ WKH "j VORW LV WKH VDPH DV WKH FRUUHVSRQGLQJ DUHD ι.j /j  WKH DPRXQW RI ;UD\ HQHUJ\ WKDW DWWHQXDWHG DW D UDWH
ZLWKLQ j VORW
,Q WKH EOLQG VFHQDULR ZKHUH WKH LQVSHFWHG PDWHULDO DQG LQFLGHQW VLJQDO VSHFWUXP DUH XQNQRZQ WKH DERYH SDUDPHWHUL]DWLRQ
DOORZV XV WR HVWLPDWH WZR IXQFWLRQV >ι./ DQG ˛.x;y/@ UDWKHU WKDQ WKUHH >."/;."/ DQG ˛.x;y/@
0($685(0(17 02'(/ $1' 3$5$0(7(5 &21675$,176
2EVHUYH WKDW WKH PDVV DWWHQXDWLRQ VSHFWUXP ι./ DQG LQVSHFWHG REMHFW¶V GHQVLW\ ˛.x;y/ DUH QRQQHJDWLYH IRU DOO  x DQG
y DQG DVVXPH WKDW WKH VKDGRZ RI WKH LQVSHFWHG REMHFW LV FRPSOHWHO\ FRYHUHG E\ WKH UHFHLYHU DUUD\ DQG WKDW WKH XSSHU ERXQG
I LQQE\ RQ LQFLGHQW ;UD\ HQHUJ\ LV NQRZQ REWDLQHG HJ IURP HQHUJ\ PHDVXUHPHQWV DW WKH GHWHFWRUV WKDW KDYH D OLQHRIVLJKWYLHZ RI WKH ;UD\ VRXUFH KHQFH
ι./  0; ˛.x;y/  0 I LQ  I LQ0$;: 
8SRQ VSDWLDOGRPDLQ GLVFUHWL]DWLRQ LQWR p SL[HOV ZH UHSODFH WKH OLQH LQWHJUDO R`˛.x;y/d` ZLWK T ˛Z
`
˛.x;y/d`  T ˛ 
ZKHUH ˛ LV D p1 FROXPQ YHFWRU UHSUHVHQWLQJ WKH ' LPDJH WKDW ZH ZLVK WR UHFRQVWUXFW >LH GLVFUHWL]HG ˛.x;y/@ DQG  LV
D p1 YHFWRU RI ZHLJKWV TXDQWLI\LQJ KRZ PXFK HDFK HOHPHQW RI ˛ FRQWULEXWHV WR WKH ;UD\ DWWHQXDWLRQ RQ WKH VWUDLJKWOLQH
SDWK ` $Q ;UD\ &7 VFDQ FRQVLVWV RI KXQGUHGV RI SURMHFWLRQV ZLWK WKH EHDP LQWHQVLW\ PHDVXUHG E\ WKRXVDQGV RI GHWHFWRUV
IRU HDFK SURMHFWLRQ )RU WKH i WK PHDVXUHPHQW GHILQH LWV GLVFUHWL]HG OLQH LQWHJUDO DV Ti ˛ VWDFNLQJ DOON VXFK LQWHJUDOV LQWR
D YHFWRU \LHOGV ˆ˛ ZKHUH ˆ D Œ12 : : :N T LV WKH N p 5DGRQ WUDQVIRUP PDWUL[ IRU RXU LPDJLQJ V\VWHP
([SUHVV ι./ DV D OLQHDU FRPELQDWLRQ RI J EDVLV IXQFWLRQV
ι./ D b./I 
ZKHUH I D ŒI1;I2; : : : ;IJ T LV WKH J 1 YHFWRU RI FRUUHVSRQGLQJ EDVLV IXQFWLRQ FRHIILFLHQWV DQG VXEVWLWXWH  DQG  LQWR
 IRU HDFK RI WKH N PHDVXUHPHQWV ZKLFK \LHOGV WKH IROORZLQJ H[SUHVVLRQV IRU WKH LQFLGHQW HQHUJ\ DQG WKH N 1 YHFWRU
RI QRLVHOHVV PHDVXUHPHQWV
I LQ.I/ D b/.0/I; IRXW.˛;I/ D b/ı.ˆ˛/I : 
+HUH ZH VHOHFW WKH URZ YHFWRU IXQFWLRQ b./ D b1./;b2./; : : : ;bJ ./ DV %VSOLQHV >@ RI RUGHU RQH WHUPHG % VSOLQHV
LOOXVWUDWHG LQ )LJ D EHFDXVH LQ WKLV FDVH WKH GHFRPSRVLWLRQ  \LHOGV QRQQHJDWLYH HOHPHQWV RI WKH VSOLQH FRHIILFLHQWV I
>EDVHG RQ @ DQG WKXV DOORZV XV WR LPSRVH WKH SK\VLFDOO\ PHDQLQJIXO QRQQHJDWLYLW\ FRQVWUDLQW ZKHQ HVWLPDWLQJ I  1RWH
WKDW b/ı.ˆ˛/ LV DQ N J PDWUL[ ,Q WKLV SDSHU ZH DGRSW D JHRPHWULF VHULHV ZLWK FRPPRQ UDWLR q > 1 DV WKH NQRWV RI RXU% VSOLQHV
bj ./ D
˚
 qj10
.q 1/qj10 ; q
j10   < qj 0
 CqjC10
.q 1/qj 0 ; q
j 0   < qjC10
0; RWKHUZLVH
1709
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VR WKDW WKH j WK EDVLV IXQFWLRQ FDQ EH REWDLQHG VLPSO\ E\ qVFDOLQJ WKH .j 1/WK EDVLV IXQFWLRQ DV LOOXVWUDWHG LQ )LJ D
bj ./ D bj1


q

; q > 1: 
$PELJXLW\ RI WKH GHQVLW\ PDS DQG PDVV DWWHQXDWLRQ VSHFWUXP:H QRZ GLVFXVV GHQVLW\ PDS VFDOLQJ DPELJXLW\ XQGHU
WKH EOLQG VFHQDULR ZKHUH ERWK WKH GHQVLW\ PDS ˛.x;y/ DQG LQFLGHQW VSHFWUXP SDUDPHWHUV I DUH XQNQRZQ %\ QRWLQJ 
DQG WKH µWLPH VFDOLQJ¶ SURSHUW\ RI WKH /DSODFH WUDQVIRUP b=q	 L! qb/.qs/ IRU q > 0 ZH FRQFOXGH WKDW VHOHFWLQJ q
WLPHV QDUURZHU EDVLV IXQFWLRQV b0./;b1./; : : : ;bJ1./ WKDQ WKRVH LQ b./ DQG q WLPHV ODUJHU GHQVLW\ PDS DQG VSHFWUDO
SDUDPHWHUV >q˛.x;y/ DQG qI@ \LHOGV WKH VDPH RXWSXW SKRWRQ HQHUJ\ Iout
/LQHDU LQHTXDOLW\ FRQVWUDLQWV RQ I  &RPELQLQJ WKH QRQQHJDWLYLW\ RI WKH HOHPHQWV RI I DQG WKH LQFLGHQWHQHUJ\ XSSHU
ERXQG FRQVWUDLQW b/.0/I  I LQ0$; >VHH @ \LHOGV
CI  c; C ,
"
IJ 

b/.0/
T
kb/.0/k2
#T
; c ,
"
0TJ 
I LQQE\
kb/.0/k2
#T
: 
7KH URZV RI C DUH QRUPDOL]HG IRU QXPHULFDO VWDELOLW\
3$5$0(7(5 (67,0$7,21
&RQVLGHU DQN 1 YHFWRU E RI HQHUJ\ PHDVXUHPHQWV FRUUXSWHG E\ ORJQRUPDO QRLVH DQG WKH FRUUHVSRQGLQJ VTXDUHGHUURU
FRVW IXQFWLRQ >VHH @
L.ˆ˛;I/ D 1
2



lnı.E/ lnı IRXW.˛;I/


2
2
D
1RWH WKDW D LV ELFRQYH[ >@ ZLWK UHVSHFW WR ˛ DQG I UHVSHFWLYHO\ XQGHU WKH IROORZLQJ VXIILFLHQW FRQGLWLRQ
 2q
2
.q2 1/2 1 	 lnı
IRXW.˛;I/ lnıE 	 1 E
ZKHUH WKH LQHTXDOLWLHV RQ WKH OHIW DQG ULJKW VLGHV DUH IRU WKH FRQYH[LW\ RYHU ˛ DQG I  UHVSHFWLYHO\
:H IRUPXODWH WKH IROORZLQJ FRQVWUDLQHG SHQDOL]HG RSWLPL]DWLRQ SUREOHP
min
˛;I
CIc
L.ˆ˛;I/Cur.˛/ D
ZKHUH u > 0 LV D VFDODU WXQLQJ FRQVWDQW DQG WKH UHJXODUL]DWLRQ WHUP
r.˛/ D k‰T ˛k1 C C.˛/ E
HQIRUFHV QRQQHJDWLYLW\ >EDVHG RQ @ DQG VSDUVLW\ LQ WKH ZDYHOHWWUDQVIRUP GRPDLQ RI WKH VLJQDO ˛ ZLWK VSDUVLI\LQJ
WUDQVIRUP PDWUL[ ‰T WKDW VDWLVILHV
‰‰T D Ip: 
,Q WKLV SDSHU ZH XVH WKH IXOO FLUFXODU PDVN LQ >@ DQG VHOHFW ‰ DFFRUGLQJO\ DV D VXEPDWUL[ RI WKH LQYHUVH GLVFUHWH ZDYHOHW
WUDQVIRUP ':7 PDWUL[ >@
2XU JRDO LV WR HVWLPDWH WKH LPDJH DQG LQFLGHQW HQHUJ\ GHQVLW\ SDUDPHWHUV .˛;I/ :H GHVFHQG WKH REMHFWLYH IXQFWLRQ D
E\ DOWHUQDWLQJ EHWZHHQ 6WHS  DQG 6WHS  ZKHUH ,WHUDWLRQ i C1 SURFHHGV DV IROORZV
6WHS  1HVWHURY¶V SUR[LPDOJUDGLHQW 13* VWHS >@ IRU ˛ ZLWK IL[HG I D I.i/ \LHOGLQJ ˛.iC1/
6WHS  LI WKH ULJKW VLGH KDQG RI FRQGLWLRQ E KROGV XVH WKH DFWLYHVHW $6 VWHS > &K @ IRU I ZLWK IL[HG
˛ D ˛.iC1/ WR \LHOG I.iC1/ RWKHUZLVH OHW I.iC1/ D I.i/1710
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,WHUDWH EHWZHHQ 6WHSV  DQG  XQWLO FRQYHUJHQFH ZH VHOHFW WKH IROORZLQJ FRQYHUJHQFH FULWHULRQ
max
˚
ı
.i/
˛ ; ı
.i/
I

<  D
ZKHUH  LV WKH FRQYHUJHQFH WKUHVKROG DQG
ı
.i/
˛ ,
k˛.i/ ˛.i1/k2
k˛.i/k2
; ı
.i/
I ,
kI.i/ I.i1/k2
kI.i/k2
: E
7KH DERYH LWHUDWLRQ LV WKH ILUVW SK\VLFDOPRGHO EDVHG LPDJH UHFRQVWUXFWLRQ PHWKRG LQ DGGLWLRQ WR > @ IRU VLPXOWDQHRXV
EOLQG DVVXPLQJ XQNQRZQ LQFLGHQW ;UD\ VSHFWUXP DQG XQNQRZQ PDWHULDOV VSDUVH LPDJH UHFRQVWUXFWLRQ PHWKRG IURP
SRO\FKURPDWLF PHDVXUHPHQWV ,Q > @ ZH DSSOLHG D SLHFHZLVHFRQVWDQW % VSOLQH H[SDQVLRQ RI WKH PDVV DWWHQXDWLRQ
VSHFWUXP DSSUR[LPDWHG /DSODFH LQWHJUDOV ZLWK 5LHPDQQ VXPV DQG XVHG D VPRRWK DSSUR[LPDWLRQ RI ERWK WKH `1 DQG
QRQQHJDWLYLW\ SHQDOWLHV LQ E VHH DOVR >@ IRU WKH `1 QRUP VPRRWKLQJ +HUH ZH XVH % VSOLQHV HYDOXDWH WKH /DSODFH
LQWHJUDOV H[DFWO\ DQG HPSOR\ WKH H[DFW `1 QRUP LQVWHDG RI LWV DSSUR[LPDWLRQ WKXV HOLPLQDWLQJ RQH WXQLQJ FRQVWDQW DQG
LPSURYLQJ WKH UHFRQVWUXFWLRQ SHUIRUPDQFH FRPSDUHG ZLWK > @ 8QOLNH > @ ZH LPSRVH WKH QRQQHJDWLYLW\ FRQVWUDLQW RQ
WKH GHQVLW\ PDS ˛ GLUHFWO\ DQG KHQFH HOLPLQDWH RQH PRUH WXQLQJ FRQVWDQW FRPSDUHG ZLWK WKH PHWKRGV LQ WKHVH UHIHUHQFHV
6WHS  DLPV DW PLQLPL]LQJ WKH VTXDUHGHUURU FRVW IXQFWLRQ L.ˆ˛.iC1/;I/ ZLWK UHVSHFW WR I VXEMHFW WR WKH OLQHDU
LQHTXDOLW\ FRQVWUDLQWV  >1RWH WKDW WKH UHJXODUL]DWLRQ WHUP LQ D LV FRQVWDQW ZLWK UHVSHFW WRI  DQG LV WKXV RPLWWHG LQ RXU
RSWLPL]DWLRQ SUREOHP@ +HUH ZH DSSO\ WKH JUDGLHQWSURMHFWLRQ DFWLYHVHW PHWKRG WR SHUIRUP WKLV RSWLPL]DWLRQ GHVFULEHG
LQ GHWDLO LQ >@
:H LQLWLDOL]H WKH DERYH DOJRULWKP E\
˛.1/ D y˛)%3 DQG I.0/j D
(
I LQQE\=b/j .0/; j D bJ=2cC1
0; RWKHUZLVH 
ZKHUH y˛)%3 LV WKH VWDQGDUG )%3 UHFRQVWUXFWLRQ ZLWKRXW OLQHDUL]DWLRQ > &K @ VHH DOVR WKH QXPHULFDO H[DPSOHV 3OXJJLQJ
LQ WKH LQLWLDOL]DWLRQ  LQWR  ZH KDYH I LQ.I.1// D I LQQE\ DQG WKH LQLWLDO HVWLPDWH .˛.1/;I.0// FRUUHVSRQGV WR WKHPRQRFKURPDWLF ;UD\ PRGHO ZLWK RQO\ RQH VSHFWUXP FRPSRQHQW ,W LV DOVR GHVLUDEOH WR KDYH WKH PDLQ OREH RI WKH HVWLPDWHG
VSHFWUXP DW WKH FHQWHU ZKLFK LV ZK\ WKH QRQ]HUR HOHPHQW RI I.0/ LV SODFHG LQ WKH PLGGOH SRVLWLRQ
6WHS  LQ ,WHUDWLRQ i C1 8SGDWLQJ ˛ 8VLQJ 13* ZLWK 5HVWDUW
6WHS  DLPV DW PLQLPL]LQJ l.i/.˛/Cur.˛/ ZLWK UHVSHFW WR ˛ ZKHUH
l.i/.˛/, L.ˆ˛;I.i// 
ZLWK JUDGLHQW rl.i/.˛/ D ˆT diag
h
.b//ı.ˆ˛/
Iidiag1 IRXW.˛;I.i//lnı.E/  lnı IRXW.˛;I.i// +HUH
.b//ı.ˆ˛/ LV DQ N J PDWUL[ :H LPSOHPHQW 6WHS  YLD WKH 13* VFKHPH >@
 .iC1/ D 1
2

1C
q
1C4 .i/	2

D
x˛.iC1/ D ˛.i/ C 
.i/ 1
 .iC1/

˛.i/ ˛.i1/	 E
˛.iC1/ D proxˇ .i/ur

x˛.iC1/ ˇ.i/rl.i/x˛.iC1/	 F
ZKHUH
proxr .a/ D argmin
˛
1
2
k˛ak22 C	r.˛/ 
LV WKH SUR[LPDO RSHUDWRU IRU VFDOHG E\ 	 > 0 UHJXODUL]DWLRQ WHUP E >@ :H VHOHFW WKH VWHS VL]H ˇ.i/ WR VDWLVI\ WKH
PDMRUL]DWLRQ FRQGLWLRQ
l.i/.˛.iC1//  l.i/.x˛.iC1//C ˛.iC1/  x˛.iC1/	T rl.i/x˛.iC1/	C 1
2ˇ.i/


˛.iC1/  x˛.iC1/

2
2
1711
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XVLQJ WKH IROORZLQJ DGDSWDWLRQ VFKHPH >@
D ,Q ,WHUDWLRQ i  LI WKHUH KDV EHHQ QR VWHS VL]H UHGXFWLRQV IRU n FRQVHFXWLYH LWHUDWLRQV LPSO\LQJ i > n LH ˇ.i1/ D
ˇ.i2/ D   D ˇ.in1/ VWDUW ZLWK D ODUJHU VWHS VL]H ˇ.i/ D ˇ.i1/=
  
 2 .0;1/ RWKHUZLVH VWDUW ZLWK WKH SUHYLRXV
VWHS VL]H ˇ.i/ D ˇ.i1/
E %DFNWUDFN XVLQJ WKH VDPH PXOWLSOLFDWLYH VFDOLQJ FRQVWDQW 
  ZLWK JRDO WR ILQG WKH ODUJHVW ˇ.i/ WKDW VDWLVILHV 
:H VHOHFW WKH LQLWLDO VWHS VL]H ˇ.0/ XVLQJ WKH %DU]LODL%RUZHLQ PHWKRG >@
5HVWDUW:H LQLWLDOL]H WKH 13* VWHS  DV IROORZV DQG > @
 .0/ D 0; ˛.0/ D 0 D
ZKLFK LPSOLHV WKDW x˛.1/ D ˛.1/ >VHH @ DQG OHDGV WR WZR FRQVHFXWLYH SUR[LPDOJUDGLHQW 3* VWHSV
˛.1/ D proxˇ .0/ur

˛.1/ ˇ.0/rl.0/˛.1/	 DQG ˛.2/ D proxˇ .1/ur ˛.1/ ˇ.1/rl.1/˛.1/	 E
HQVXULQJ WKH PRQRWRQLFLW\ RI RXU LQLWLDO LWHUDWHV l.0/.˛.1//  l.0/.˛.1// DQG l.1/.˛.2//  l.1/.˛.1// >@ +HUH ˛.0/ LV
QHHGHG VROHO\ IRU GHWHUPLQLQJ WKH FRQYHUJHQFH FULWHULRQ RI WKH FRUUHVSRQGLQJ LQQHU SUR[LPDOPDSSLQJ LWHUDWLRQ GLVFXVVHG
LQ WKH IROORZLQJ VHFWLRQ
'LUHFW 13* LWHUDWLRQ LV QRW JXDUDQWHHG WR GHFUHDVH PRQRWRQLFDOO\ WKH REMHFWLYH IXQFWLRQ WKDW LW PLQLPL]HV GXH WR WKH
PRPHQWXP WHUP VHH H[DPSOHV LQ >@ 2¶'RQRJKXH DQG &DQGqV >@ UHVWDUW WKH DFFHOHUDWLRQ VFKHPH E\ UHVHWWLQJ WKH
PRPHQWXP WHUP WR ]HUR DQG WDNH WKH FXUUHQW ˛.i/ DV WKH QHZ LQLWLDO YDOXH IRU WKH DFFHOHUDWLRQ VFKHPH +HUH ZH DGRSW WKH
IXQFWLRQ UHVWDUW YHUVLRQ LQ >@ LH UHVWDUW WKH 13* LWHUDWLRQ VWHSV ZKHUH WKH REMHFWLYH IXQFWLRQ  LQFUHDVHV 6XSSRVH
WKDW WKH REMHFWLYH IXQFWLRQ LQFUHDVH RFFXUV DW WKH i WK LWHUDWLRQ WKHQ WKH UHVWDUW LV HTXLYDOHQW WR VHWWLQJ  .i/ D 0 FRQVLVWHQW
ZLWK D ZKHUH 0 LV UHSODFHG E\ i 
3UR[LPDO 0DSSLQJ
5HZULWH WKH REMHFWLYH IXQFWLRQ LQ  DV min
˛;z
˛Dz
1
2 k˛ak22 C  C.˛/C	k‰T zk1 ZKLFK OHDGV WR WKH IROORZLQJ LQQHU
DOWHUQDWLQJ GLUHFWLRQ PHWKRG RI PXOWLSOLHUV $'00 LWHUDWLRQ
z.kC1/ D ‰T=

‰T .˛.k/ .k//
	 D
˛.kC1/ D 1
1C

aC.z.kC1/ C.k//	C E
.kC1/ D .k/ Cz.kC1/ ˛.kC1/ F
ZKHUH k  0 LQGH[HV WKH LQQHU LWHUDWLRQ VWHSV DQG  > 0 LV D TXDGUDWLF SHQDOW\ SDUDPHWHU XVXDOO\ VHW WR RQH > 6HF @
+HUH WKH RUWKRQRUPDOLW\ RI WKH URZV RI WKH WUDQVIRUP PDWUL[‰  LV QHHGHG WR GHULYH  ,I  GRHV QRW KROG  FDQ
EH UHSODFHG E\ OLQHDUL]HG$'00 > &K @:H LQLWLDOL]H WKH DERYH LWHUDWLRQV XVLQJ˛.0/ D .a/C DQG.0/ D a.a/C
&RQYHUJHQFH FULWHULRQ 'HQRWH E\ i DQG k WKH RXWHU DQG LQQHU LWHUDWLRQ LQGLFHV FRUUHVSRQGLQJ WR WKH 13* DQG $'00
LWHUDWLRQV UHVSHFWLYHO\ DQG E\ ˛.i;k/ DQG z.i;k/ WKH LWHUDWHV RI ˛ DQG z LQ WKH kWK LQQHU $'00 LWHUDWLRQ VWHS ZLWKLQ WKH
i WK VWHS RI WKH RXWHU 13* LWHUDWLRQ  :H VHW WKH IROORZLQJ FRQYHUJHQFH FULWHULRQ IRU WKH LQQHU LWHUDWLRQ
max
(
kz.i;k/ z.i;k1/k2
kz.i;k/k2
;
k˛.i;k/ ˛.i;k1/k2
k˛.i;k/k2
)
< ı
.i1/
˛ ; i  1 
ZKHUH WKH WXQLQJ FRQVWDQW 0< < 1 WUDGHV WKH DFFXUDF\ DQG VSHHG RI WKH LQQHU LWHUDWLRQ ZLWK JRDO WR SURYLGH VXIILFLHQWO\ DF
FXUDWH 3* VWHSV F VHH DOVR E 2QFH  KROGV IRU VRPH LQGH[Ki  1 WKH $'00 DOJRULWKP UHWXUQV ˛.i/,˛.i;Ki /
180(5,&$/ (;$03/(6
:H FRQVWUXFW D VLPXODWLRQ H[DPSOH XVLQJ WKH ELQDU\  LPDJH LQ )LJ E GHQRWHG ˛WUXH DV WKH µJURXQG WUXWK¶
KHUH WKH LQVSHFWHG REMHFW FRQWDLQV LUUHJXODUO\ VKDSHG LQFOXVLRQV :H VLPXODWHG WKH SRO\FKURPDWLF VLQRJUDP XVLQJ WKH1712
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),*85(  D %VSOLQH DSSUR[LPDWLRQ RI ι./ E µJURXQG WUXWK¶ LPDJH XVHG WR JHQHUDWH WKH VLQRJUDP DQG F PDVV DWWHQXDWLRQ
DQG LQFLGHQW ;UD\ VSHFWUXP DV IXQFWLRQV RI WKH SKRWRQ HQHUJ\ "
LQWHUSRODWHG PDVV DWWHQXDWLRQ RI LURQ IRU WKH LQVSHFWHG REMHFW >@ DQG LQFLGHQW VSHFWUXP LQ )LJ F
."/ D
˚
Gamma

4."20/
25
ˇˇˇ
5;1

; 20  "  150
0; RWKHUZLVH

ZKHUH Gamma.x j ˛;ˇ/ GHQRWHV WKH *DPPD SUREDELOLW\ GHQVLW\ IXQFWLRQ > 6HF @ 2XU VLPXODWHG DSSUR[LPDWLRQ
RI WKH LQWHJUDO E XVHV  HTXLVSDFHG GLVFUHWL]DWLRQ SRLQWV RYHU WKH UDQJH  NH9 WR  NH9 :H FRQVWUXFW WKH 5DGRQ
WUDQVIRUP PDWUL[ ˆ GLUHFWO\ RQ *38 PXOWLWKUHDG YHUVLRQ RQ &38 LV DOVR DYDLODEOH ZLWK IXOO FLUFXODU PDVN >@ )RU HDFK
RI WKH  SURMHFWLRQV ZH REWDLQ WKH PHDVXUHPHQWV IURP DQ HQHUJ\ GHWHFWRU DUUD\ RI VL]H  DQG UHFRQVWUXFW LPDJHV RI
VL]H 
/LQHDUL]DWLRQ 2EVHUYH WKDW Iout LQ E DQG  LV D GHFUHDVLQJ IXQFWLRQ RI WKH OLQH LQWHJUDO R` ˛.x;y/d` ZKLFK LV DNH\ LQVLJKW EHKLQG YDULRXV OLQHDUL]DWLRQ PHWKRGV SRSXODU LQ WKH OLWHUDWXUH DQG SUDFWLFH VHH > 6HF @ ,I ZH NQRZ H[DFWO\
WKH LQFLGHQW VSHFWUXP DQG PDVV DWWHQXDWLRQ PDWHULDO ZH FDQ GHWHUPLQH WKH PDVV DWWHQXDWLRQ VSHFWUXP ι./ DQG LWV /DSODFH
WUDQVIRUP ι/.s/ H[DFWO\ DV ZHOO +HUH ZH UHIHU WR DSSO\LQJ WKH LQYHUVH IXQFWLRQ RI ι/.s/ WR WKH HOHPHQWV RI WKH QRLV\PHDVXUH
PHQW YHFWRU E DV OLQHDUL]DWLRQ +RZHYHU VXFK D ]HURIRUFLQJ DSSURDFK WR UHFRQVWUXFWLRQ LJQRUHV QRLVH DQG WKHUHIRUH OHDGV
WR QRLVH HQKDQFHPHQW ,Q WKLV H[DPSOH ZH XVH QRLVHOHVV PHDVXUHPHQWV LH .ι//1ı .E/ D ˆ˛ DQG WKH OLQHDU UHFRQVWUXFWLRQPHWKRGV ZLWK OLQHDUL]DWLRQ DUH HTXLYDOHQW WR WKHVH PHWKRGV DSSOLHG GLUHFWO\ WR QRLVHOHVV OLQHDU PHDVXUHPHQWV ˆ˛
:H FRPSDUH
 WKH WUDGLWLRQDO )%3 PHWKRG ZLWKRXW > &K @ DQG ZLWK OLQHDUL]DWLRQ >@ LH EDVHG RQ WKH µGDWD¶
y D  lnı.E/ ZLWKRXW OLQHDUL]DWLRQ DQG y D

ι/
	1
ı .E/ ZLWK OLQHDUL]DWLRQ 
UHVSHFWLYHO\
 WKH IL[HGSRLQW FRQWLQXDWLRQ DFWLYH VHW )3&$6 PHWKRGV >@ ZLWKRXW DQG ZLWK OLQHDUL]DWLRQ >VHH @ ZKLFK VROYH
WKH V\QWKHVLV EDVLV SXUVXLW GHQRLVLQJ %3'1 SUREOHP >@
min
s
1
2
ky ˆ‰sk22 Cu0ksk1 
DQG REWDLQ WKH VLJQDO HVWLPDWHV DV y˛ D‰s.C1/ ZKHUH s.C1/ LV WKH YHFWRU RI WKH WUDQVIRUP VLJQDO FRHIILFLHQWV REWDLQHG
XSRQ FRQYHUJHQFH
 RXU >0DWODE LPSOHPHQWDWLRQ DYDLODEOH DW ?iiTb,ff;Bi?m#X+QKfBbm+bTfMT;@
± 13*$6 DOWHUQDWLQJ GHVFHQW PHWKRG ZLWK VWHS DGDSWDWLRQ SDUDPHWHUV n 
 DQG UHJXODUL]DWLRQ FRQVWDQW u FKRVHQ DV
n D 4; 
 D 0:5; u D 10aqJ=2k‰T ˆT lnı.E=I LQQE\/k1 
ZKHUH a LV WXQHG LQ WKH VHW f1;2;3;4;5;6;7;8;9g IRU JRRG UHFRQVWUXFWLRQ SHUIRUPDQFH LQ WHUPV
RI UHODWLYH VTXDUH HUURU 56( >GHILQHG LQ @ IRU HDFK QXPEHU RI SURMHFWLRQV
± 13* IRU NQRZQ PDVV DWWHQXDWLRQ VSHFWUXP ι./ WKDW LWHUDWHV 6WHS  RQO\ DQG XVHV WKH H[DFW VDPSOHG ι./ DV I
DQG WKH VWHS DGDSWDWLRQ SDUDPHWHUV LQ  1713
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),*85(  D &HQWHUHG REMHFWLYH IXQFWLRQ f f ? YHUVXV WKH LWHUDWLRQ LQGH[ i IRU 13*$6 IURP  HTXDOO\ VSDFHG SURMHFWLRQV
DQG E 56(V RI YDULRXV PHWKRGV YHUVXV WKH QXPEHU RI HTXDOO\ VSDFHG SURMHFWLRQV
 OLQHDUL]HG 13* >@ ZKLFK DLPV DW VROYLQJ
min
˛
1
2
ky ˆ˛k22 Cu00r.˛/ 
ZKHUH y DUH WKH OLQHDUL]HG PHDVXUHPHQWV LQ  DQG WKH SHQDOW\ r.˛/ KDV EHHQ GHILQHG LQ E
7KH UHJXODUL]DWLRQ WXQLQJ FRQVWDQWV u0 DQG u00 IRU VSDUVH UHJXODUL]DWLRQ WHUPV RI )3&$6 DQG OLQHDUL]HG 13* KDYH WKH
IRUP 10ak‰T ˆT yk1 ZKHUH a LV WXQHG IRU JRRG UHFRQVWUXFWLRQ SHUIRUPDQFH LQ WHUPV RI 56( %HIRUH DSSO\LQJ WKH
UHFRQVWUXFWLRQ DOJRULWKPV ZH QRUPDOL]H WKH HQHUJ\ PHDVXUHPHQWV E\ WKHLU ODUJHVW YDOXH DQG VHW I LQQE\ D 1 :H LQLWLDOL]HLWHUDWLYH UHFRQVWUXFWLRQ PHWKRGV ZLWK RU ZLWKRXW OLQHDUL]DWLRQ XVLQJ FRUUHVSRQGLQJ )%3 UHFRQVWUXFWLRQV 13*$6 HPSOR\V
WKH FRQYHUJHQFH FULWHULRQ LQ D ZLWK FRQYHUJHQFH WKUHVKROG
 D 106 
)3&$6 UXQV RQ LWV GHIDXOW RSWLRQV DQG DOO RWKHU LWHUDWLYH PHWKRGV XVH WKH UHODWLYH FKDQJH RI ˛ EHWZHHQ WZR FRQVHFXWLYH
VWHSV DV WKH FRQYHUJHQFH FULWHULRQ
ı
.i/
˛ <  
ZLWK WKH FRQYHUJHQFH WKUHVKROG  LQ  7KH PD[LPXP QXPEHU RI LWHUDWLRQV LV M D 2000 IRU DOO LWHUDWLYH PHWKRGV
)RU 13*$6 DQG 13* ZH VHW J D 17 DQG qJ D 103 WR HQVXUH VXIILFLHQWO\ ZLGH FRYHUDJH RI WKH VSOLQH EDVLV 1RWH WKDW
D LV FRQYH[ ZLWK UHVSHFW WR ˛ XQGHU FRQGLWLRQ E
2XU UHFRQVWUXFWLRQ SHUIRUPDQFH PHWULF IRU DQ HVWLPDWRU y˛ LV WKH 56(
RSEfy˛g D 1
 
y˛T ˛WUXH
ky˛k2k˛WUXHk2
!2

ZKLFK LV LQYDULDQW WR VFDOLQJ y˛ E\ D QRQ]HUR FRQVWDQW
,Q )LJ D ZH VKRZ WKH FHQWHUHG REMHFWLYH DV D IXQFWLRQ RI WKH LWHUDWLRQ LQGH[ i IRU 13*$6 IURP  SDUDOOHO SURMHFWLRQV
1RWH WKDW f .˛;I/ D L.ˆ˛;I/Cur.˛/ DQG f ? LV LWV PLQLPXP YDOXH ZKHQ RSWLPL]HG ZLWK UHVSHFW WR ˛ DQG I 
)LJXUH E VKRZV 56(V DV IXQFWLRQV RI WKH QXPEHU RI HTXDOO\ VSDFHG SDUDOOHO SURMHFWLRQV IRU YDULRXV PHWKRGV 56(V RI
WKH PHWKRGV WKDW GR QRW DVVXPH NQRZOHGJH RI WKH PDVV DWWHQXDWLRQ VSHFWUXP ι./ DUH VKRZQ XVLQJ VROLG OLQHV ZKHUHDV
GDVKHG OLQHV UHSUHVHQW PHWKRGV WKDW DVVXPH NQRZQ ι./ >LH NQRZQ LQFLGHQW VSHFWUXP RI WKH ;UD\ PDFKLQH DQG PDVV
DWWHQXDWLRQ PDWHULDO@ DUH VKRZQ XVLQJ GDVKHG OLQHV $PRQJ WKH PHWKRGV WKDW GR QRW DVVXPH NQRZOHGJH RI ι./ )%3 DQG
)3&$6 LJQRUH WKH SRO\FKURPDWLF VRXUFH HIIHFWV ZKHUHDV 13*$6 EOLQGO\ FRUUHFWV IRU WKH SRO\FKURPDWLF HIIHFWV
7KH VDPH OLQH FRORU LV XVHG WR SUHVHQW WKH VDPH JHQHUDO PHWKRGV HJ )%3 DQG OLQHDUL]HG )%3 )3&$6 DQG OLQHDUL]HG
)3&$6 DQG 13*$6 13* DQG OLQHDUL]HG 13* )%3 DQG )3&$6 LJQRUH WKH SRO\FKURPDWLF QDWXUH RI WKH PHDVXUHPHQWV
DQG FRQVHTXHQWO\ SHUIRUP SRRUO\ DQG GR QRW LPSURYH DV WKH QXPEHU RI SURMHFWLRQV LQFUHDVHV /LQHDUL]HG )%3 )3&$6
DQG 13* ZKLFK DVVXPH SHUIHFW NQRZOHGJH RI WKH PDVV DWWHQXDWLRQ VSHFWUXP SHUIRUP PXFK EHWWHU WKDQ )%3 DQG )3&$6
/LQHDUL]HG )3&$6 ZKLFK LPSRVHV VLJQDO VSDUVLW\ LV XS WR  WLPHV EHWWHU LQ 56( WKDQ OLQHDUL]HG )%3 GHPRQVWUDWLQJ WKH
LPSRUWDQFH RI HQIRUFLQJ VLJQDO VSDUVLW\ 13* DQG OLQHDUL]HG 13* ZKLFK LPSRVH ERWK VLJQDO VSDUVLW\ DQG QRQQHJDWLYLW\1714
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56( 
D )%3
56( 
E )3&$6
56( 
F 13*$6
56( 
G OLQHDUL]HG )%3
56( 
H OLQHDUL]HG )3&$6
56( 
I 13* OLQHDUL]HG 13*
),*85(  5HFRQVWUXFWLRQV IURP  HTXDOO\ VSDFHG SDUDOOHO SURMHFWLRQV D±F ZLWKRXW DQG G±I ZLWK SULRU NQRZOHGJH RI WKH
;UD\ VSHFWUXP DQG WKH LQVSHFWHG PDWHULDO
RXWSHUIRUP OLQHDUL]HG )3&$6 SDUWLFXODUO\ DV WKH QXPEHU RI SURMHFWLRQV LQFUHDVHV 7KH 56(V DUH FXW WZR RU PRUH WLPHV E\
LPSRVLQJ WKH VLJQDO QRQQHJDWLYLW\ FRQVWUDLQWV
7KH EOLQG 13*$6 PHWKRG LV FRPSHWLWLYH ZLWK 13* DQG OLQHDUL]HG 13* LQGLFDWLQJ WKDW JRRG UHFRQVWUXFWLRQ LV SRVVLEOH
HYHQ ZLWKRXW WKH LQIRUPDWLRQ RI PDVV DWWHQXDWLRQ VSHFWUXP ι./ 1RWH WKDW WKHVH WKUHH PHWKRGV UHDFK DOPRVW SHUIHFW
UHFRQVWUXFWLRQV IURP  SDUDOOHOEHDP SURMHFWLRQV ,Q WKLV H[DPSOH OLQHDUL]HG 13* LV WKH EHVWSHUIRUPLQJ PHWKRG RYHUDOO
KRZHYHU ZH H[SHFW LW WR EH VHQVLWLYH WR QRLVH GXH WR WKH ]HURIRUFLQJ QDWXUH RI OLQHDUL]DWLRQ
)LJXUH  VKRZV UHFRQVWUXFWLRQV IURP  HTXDOO\ VSDFHG SDUDOOHO SURMHFWLRQV 7KH UHFRQVWUXFWLRQV LQ )LJV D±F FRUUH
VSRQG WR PHWKRGV WKDW WR QRW KDYH NQRZOHGJH RI WKH LQFLGHQW VSHFWUXP DQG PDWHULDO )%3 H[KLELWV DOLDVLQJ GXH WR WKH VPDOO
QXPEHU RI SURMHFWLRQV DQG EHDP KDUGHQLQJ DUWLIDFWV LQFOXGLQJ FXSSLQJ DQG VWUHDNLQJ DUWLIDFWV )3&$6 SURYLGHV D VPRRWK
UHFRQVWUXFWLRQ DQG UHPRYHV DOLDVLQJ WKDQNV WR WKH IDFW WKDW LW LPSRVHV LPDJH VSDUVLW\ LQ WKH ':7 GRPDLQ EXW FOHDUO\ FDQ
QRW FRSH ZLWK WKH EHDP KDUGHQLQJ HIIHFWV EHFDXVH LW LV EDVHG RQ WKH OLQHDU PRGHO WKDW LJQRUHV WKH QRQOLQHDULWLHV GXH WR WKH
SRO\FKURPDWLF VRXUFH 7KH 13*$6 PHWKRG DFFRXQWV IRU WKH VLJQDO VSDUVLW\ QRQQHJDWLYLW\ DQG PRVW LPSRUWDQWO\ XVHV
WKH FRUUHFW SRO\FKURPDWLF PRGHO ZKLFK OHDGV WR RYHU  WLPHV VPDOOHU 56( WKDQ WKRVH RI )%3 DQG )3&$6
)LJXUHV GI VKRZ WKH UHFRQVWUXFWLRQV ZLWK NQRZQ LQFLGHQW VSHFWUXP DQG PDWHULDO >LH NQRZQ ι./@ %\ FRPSDULQJ
OLQHDUL]HG )3&$6 OLQHDUL]HG )%3 DQG OLQHDUL]HG 13* ZH REVHUYH WKH LPSURYHPHQWV EURXJKW E\ VLJQDO VSDUVLW\ DQG
QRQQHJDWLYLW\ FRQVWUDLQWV UHVSHFWLYHO\
&21&/86,21
)XWXUH ZRUN ZLOO LQFOXGH WKH DGDSWDWLRQ RI WKH QXPEHU DQG SRVLWLRQV RI %VSOLQH NQRWV XVHG IRU PRGHOLQJ WKH PDVV
DWWHQXDWLRQ VSHFWUXP DQG DFFRXQWLQJ IRU FKDUDFWHULVWLF OLQHV LQ WKH LQFLGHQW VSHFWUXP :H ZLOO DOVR DGDSW WKH SURSRVHG
DSSURDFK WR WKH 3RLVVRQ PHDVXUHPHQWV PRGHO XVHIXO LQ ORZGRVH VFHQDULRV ZKLFK DUH RI JUHDW SUDFWLFDO LQWHUHVW LQ
ELRPHGLFDO DSSOLFDWLRQV >@ 1715
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7KLV ZRUN ZDV VXSSRUWHG E\ WKH 1DWLRQDO 6FLHQFH )RXQGDWLRQ 16) ,QGXVWU\8QLYHUVLW\ &RRSHUDWLYH 5HVHDUFK 3URJUDP
&1'( ,RZD 6WDWH 8QLYHUVLW\ DQG WKH 16) $ZDUG &&)
5()(5(1&(6
 - %DUUHWW DQG 1 .HDW ³$UWLIDFWV LQ &7 UHFRJQLWLRQ DQG DYRLGDQFH´ 5DGLRJUDSKLFV  ± 
 - +VLHK &RPSXWHG 7RPRJUDSK\ 3ULQFLSOHV 'HVLJQ $UWLIDFWV DQG 5HFHQW $GYDQFHV QG HG 63,( %HOOLQJKDP
:$ 
 $ 'RJDQGåLü 5 *X DQG . 4LX ³0DVN LWHUDWLYH KDUG WKUHVKROGLQJ DOJRULWKPV IRU VSDUVH LPDJH UHFRQVWUXFWLRQ RI
REMHFWV ZLWK NQRZQ FRQWRXU´ LQ 3URF $VLORPDU &RQI 6LJQDOV 6\VW &RPSXW 1RY  SS ±
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
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
 5 *X DQG $ 'RJDQGåLü ³%HDP KDUGHQLQJ FRUUHFWLRQ YLD PDVV DWWHQXDWLRQ GLVFUHWL]DWLRQ´ LQ 3URF ,((( ,QW &RQI
$FRXVW 6SHHFK 6LJQDO 3URFHVV 0D\  SS ±
 5 *X DQG $ 'RJDQGåLü ³6SDUVH VLJQDO UHFRQVWUXFWLRQ IURP SRO\FKURPDWLF ;UD\ &7 PHDVXUHPHQWV YLD PDVV DWWHQ
XDWLRQ GLVFUHWL]DWLRQ´ LQ 5HYLHZ RI 3URJUHVV LQ 4XDQWLWDWLYH 1RQGHVWUXFWLYH (YDOXDWLRQ HGLWHG E\ ' 2 7KRPSVRQ
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
 - *RUVNL ) 3IHXIIHU DQG . .ODPURWK ³%LFRQYH[ VHWV DQG RSWLPL]DWLRQ ZLWK ELFRQYH[ IXQFWLRQV $ VXUYH\ DQG
H[WHQVLRQV´ 0DWK 0HWKRGV 2SHU 5HV  ± 
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
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 7KH DSSOLFDWLRQ RI FRPSUHVVHG VHQVLQJ IRU UDSLG 05 LPDJLQJ´
0DJQHWLF 5HVRQDQFH LQ 0HGLFLQH  ± 
 < 1HVWHURY ³$ PHWKRG RI VROYLQJ D FRQYH[ SURJUDPPLQJ SUREOHP ZLWK FRQYHUJHQFH UDWH O.1=k2/´ LQ 6RY 0DWK
'RNO 9RO   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 SS ±
 1 3DULNK DQG 6 %R\G ³3UR[LPDO DOJRULWKPV´ )RXQG 7UHQGV 2SWLP  ± 
 5 *X DQG $ 'RJDQGåLü ³$ IDVW SUR[LPDO JUDGLHQW DOJRULWKP IRU UHFRQVWUXFWLQJ QRQQHJDWLYH VLJQDOV ZLWK VSDUVH
WUDQVIRUP FRHIILFLHQWV´ LQ 3URF $VLORPDU &RQI 6LJQDOV 6\VW &RPSXW 1RY  LQ SUHVV
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
 6 %R\G HW DO ³'LVWULEXWHG RSWLPL]DWLRQ DQG VWDWLVWLFDO OHDUQLQJ YLD WKH DOWHUQDWLQJ GLUHFWLRQ PHWKRG RI PXOWLSOLHUV´
)RXQG 7UHQGV 0DFKLQH /HDUQLQJ  ± 
 - + +XEEHOO DQG 60 6HOW]HU 7DEOHV RI ;UD\PDVV DWWHQXDWLRQ FRHIILFLHQWV DQGPDVV HQHUJ\DEVRUSWLRQ FRHIILFLHQWV
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
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